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POSITIVITY OF LINE BUNDLES ON GENERAL BLOW UPS OF P 2 

KRISHNA HANUMANTHU 


ABSTRACT. Let X be the blow up of P 2 at r general points pi,.. .,p r C P 2 . We study line 
bundles on X given by plane curves of degree d passing through p L with multiplicity at least 
mi. Motivated by results in |ST3l , we establish conditions for ampleness, very ampleness 
and global generation of such line bundles. 


1. Introduction 

Let pi, p 2 , • • •, Pr be general points of P 2 . We consider the blow up n : X —* P 2 of P 2 at 
pi,..., p r . Let H = 7t*0 P 2(l). Let Ei, E 2/ ..., E r denote the exceptional divisors of the blow 
up. 

Line bundles on X of the form L = dH — X.i=i TTM.Fi where d is a positive integer and 
mi,, m r are non-negative integers are extensively studied. These line bundles are asso¬ 
ciated to the linear system of curves in P 2 of degree d passing through the point pi with 
multiplicity at least mi, for 1 ^ i ^ r. Such linear systems are of great interest and they 
are central to many important questions in algebraic geometry. One important problem 
concerns the positivity properties of these line bundles. Specifically, one asks if such line 
bundles are ample, globally generated or very ample. There are also various generaliza¬ 
tions of these notions which are studied in this context. 

Several authors have addressed these questions in different situations. 

Let L = dH — First suppose that the points pi, ...,p r are general. The 

"uniform" case, where mi are all equal, has been well-studied. Kiichle El and Xu 11X211 
independently consider the case mi = 1 for all i. In this case, they in fact prove that L 
is ample if and only if L 2 > 0, when d ^ 3. See E Corollary] and |X2l Theorem], IfBTH 
considers the case mi = 2 for all i and gives a similar criterion (see (BiJ, Remark, Page 
120]). In this situation, conditions for nefness of L are given in EH81 . 

IBC1 gives some technical conditions for ampleness and very ampleness in general for 
the blow up of any projective variety at distinct points. 

llBellDG I treat the case mi = 1 for all i for arbitrary points pi,... ,p T . IfBel gives condi¬ 
tions for global generation and very ampleness. In IBei Theorem 2], it is proved that L is 

( d + s )-4 

globally generated if d ^ 3, r ^ — and at most k(d + 3 — k) — 2 of the points pt lie on 
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a curve of degree k, where 1 ^ k ^ a similar result is given for very ampleness in 
IfBel Theorem 3]. 1DG1 also gives conditions for global generation and very ampleness. 


When the points pi,.. .,p r are general, PAHI] considers the case mi = 1 for all i and 
gives a condition for very ampleness. It is proved that L is very ample when r ^ d + 3d — 5 
('[AH, Theorem 2.3]). This result is generalized to arbitrary projective space P n in m 
Theorem 1], A converse to [ AH , Theorem 2.3] is proved and a complete characterization 
for very ampleness is given in [ GGP , Proposition 3.2] when mi = 1 for all i. 


When pi,... ,p r are arbitrary points on a smooth cubic in P 2 , |H2| gives conditions for 
ampleness and very ampleness. The assumption on the points means that the anticanon- 
ical class is effective, making the variety anticanonical. In |H2, Theorem 1.1], a criterion 
for ampleness is given in terms of intersection with a small set of exceptional and nodal 
classes. In |H2t Theorem 2.1], L is proved to be very ample if and only if it is ample and 
its restriction to the anticanonical class is very ample. These results were generalized in 
|DT| by giving conditions for k-z iery ampleness of L when p L are general points on a smooth 
cubic. liH5i| studies an anticanonical surface X in general and describes base locus of line 
bundles on X and in the process characterizes when these are globally generated. 


These questions can also be asked when X is a blow up of points on surfaces other than 
P 2 . HST21 studies this question for tc : X —>■ S, where S is an abelian surface and X is the 
blow up of S at r general points. They obtain conditions for very ampleness, and more 
generally for k-very ampleness, of 7T*(L) — Ei where L is a polarization on S and E| 
are the exceptional divisors. USTlI considers this problem when S is a ruled surface. 

In this paper we consider blow ups of P 2 at general points and obtain sufficient con¬ 
ditions for ampleness, global generation and very ampleness. Main motivation for us 
comes from the work of Szemberg and Tutaj-Gasinska in IST31 . They consider the case 
2 ^ m = mi for all i and show that L = dH — m Y _[=i hi is ample if d ^ 3m + 1 and 
d 2 ^ (r + l)m 2 (TST3, Theorem 3]). They also establish conditions for k-very ampleness 
of L. In addition to improving their bounds, we consider the non-uniform case and give 
conditions for ampleness and global generation. 

Our first main result is Theorem 12.11 and it gives conditions for ampleness for an arbi¬ 
trary line bundle E = dH — ^2[ =1 niiE,. We then discuss the SHGH Conjecture (see Section 
0. Our second main result is Theorem 12.181 which gives better conditions for ampleness 
for a uniform line bundle by using known cases of the SHGH Conjecture. Theorem 13.11 
gives conditions for global generation of an arbitrary line bundle and Theorem 13.51 deals 
with global generation for uniform line bundles. Theorem 13.71 provides conditions for 
very ampleness in the uniform case. 

Note that a necessary condition for ampleness of L = dH — YJi=i tn-iEt is E 2 > 0. This 
condition is equivalent to d 2 > YJi=i m l■ I n general this is not sufficient, but for r ^ 9, 
this condition is conjectured to be sufficient in the uniform case. See the Nagata Conjecture 
in Section 0 In this paper we prove ampleness under the assumption: d 2 ^ c r LU m i' 
where c r > 1 depends on r. We give several results with different values of c r . In Theorem 
12.11 we give a result for arbitrary line bundles with c r = In uniform case we get a 
better bound c r = See Theorem 12.181 Though our bounds are not optimal, we do 
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obtain new cases. We compare our results with some existing results. We also give several 
examples to illustrate our results. 

The key ingredient in our arguments is a result of Xu [XI], Lemma 1] and Ein-Lazarsfeld 
|EL| . This result, using deformation techniques, gives a lower bound for the degree of a 
plane curve (over C) passing through a finite set of general points with prescribed multi¬ 
plicities. This bound is improved in [KSS, Theorem A], Ampleness (by Nakai-Moishezon), 
global generation and very ampleness (by Reider) can be tested by looking at intersection 
numbers with effective curves. We bound these intersection numbers by giving suitable 
conditions and using the lower bound of Xu and Ein-Lazarsfeld. 

In Section |2] we give conditions for ampleness. Conditions for global generation and 
very ampleness are studied in Section |3[ 

We work throughout over the complex number field C. When we say that pi,... ,p T 
are general points of P 2 , we mean that they belong to an open dense subset of (P 2 ) r . More 
precisely, if a statement holds for general points pi,..., p r e P 2 , it holds for all points in 
an open dense subset of (P 2 ) r . 

Acknowledgements: We sincerely thank Brian Harbourne and Tomasz Szemberg for 
many useful ideas and suggestions. Part of this work was done while the author was 
visiting the University of Nebraska-Lincoln. We are grateful to the university and the 
department of mathematics for its hospitality and stimulating atmosphere. 

2. Ampleness 

We first give conditions for ampleness of a line bundle on X. 

Theorem 2.1. Let pi,p 2 ,.. .,p T be r ^ 1 general points of P 2 . Consider the blow up X -> P 2 of 
P 2 at the points pi,..., p r . We denote by H the pull-back of a line in P 2 not passing through any of 
the points pi and by Ei,..., E r the exceptional divisors. Let L be the line bundle dH — ^[ =1 rruEt 
for some d > 0 and mi ^ ^ m T > 0. Then L is ample if the following conditions hold: 

( 1 ) d > mi + m 2 , 

( 2 ) 2 d > mi + m 2 + ... + m 5 , 

(3) 3d > 2mi + m 2 + ... + m. 7 , and 

(4) d 2 ^f±§Li=im?,/or2^s^r. 

Proof We use the Nakai-Moishezon criterion for ampleness. We have L 2 = d 2 — YJi=i m i > 
0, by hypothesis (4). We show below that L ■ C > 0 for any irreducible, reduced curve C 
on X. 

Let C C X be such a curve. First we consider the case C = Y.l=i n i^t f° r some n t e Z, 
not all zero. If each n L is non-positive, then C can not be effective, being negative of an 
effective curve. On the other hand, if ni >0 for some i, then C • Et = —ni < 0. Since C 
and Et are both reduced and irreducible, it follows that C = Et. Then L • C = mi > 0. 

We now assume that C is in the linear system of a line bundle eH — ^[ =1 ruEi for some 
positive integer e and non-negative integers Ui,..., n T with rii + ... + n T > 0. We may 
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further arrange in decreasing order: ni ^ n 2 ^ ^ n r . Choose s e {1,..., r} such that 

n s ^ 0 and n s+1 = ... = n r = 0. 

Then C is the strict transform of a reduced and irreducible curve of degree e in P 2 which 
passes through with multiplicity rn, for every i. 

Then by [Xll Lemma 1] or [ jELj . we have 

r 

(2.1) e 2 > y n-t — ti s . 

i=l 


Along with hypothesis (4) of the theorem, this gives 


( 2 . 2 ) 


d 2 e 2 ^ 


r + 3 
r + 2 





We now consider different cases. 

Case A: Let nj ^ 2. 

We first suppose that s = r. 

If r = 2 and m = n 2 = 2, then e > 3. So hypothesis (1) gives L ■ C > 0. We assume 
henceforth that if r = 2, then (ui,n 2 ) ^ (2,2). 

Then, by (I2.2| I and Lemma IZ3l below, d 2 e 2 ^ (H[ = i m-tni) 2 . Hence de ^ H[=i rr '-i rL i 
and L • C ^ 0. We also know that the inequality in Lemma 12.31 is strict except in two cases 
which we treat below. In addition, if de = Y-l-i Trurii, we must have an equality in (12.11) . 
So e 2 = X.i=i ti 2 — n r . 

If (ui,...,n r ) = (2,1,..., 1) then e 2 = r+ 2. If r = 2 then C = 2H —2Ei — E 2 and L - C > 0 
by hypothesis (1). If r = 7, then C = 3H — 2Ei — E 2 — ... — E 7 and L • C > 0 by hypothesis 
(3). For r = 14, there is no curve of degree 4 passing through pi with multiplicity 2 and 
through p 2 ,... ,pi 4 with multiplicity 1. For, a point of multiplicity 2 imposes 3 conditions 
and 13 simple general points impose another 13 conditions. So there are a total of 16 
conditions, while the space of plane curves of degree 4 has only dimension (!)) — 1 = 14. 
Same argument holds when r > 14. 

We get an equality in Lemma [2.31 also when r = 3 and ni = n 2 = n 3 = 2. But in this 
case L ■ C > 0 by hypothesis (1). Indeed, by (1), 2d > 2mi + 2m 2 ^ 4m 3 d > 2m 3 
3d > 2mi + 2m 2 + 2m 3 . 

Thus in all cases L ■ C > 0 as desired. 

Next suppose that s < r. If s = 1 then e ^ ni. Since d > m 3 , by hypothesis (1), we get 
de > mini. 

Let s ^ 2. By hypothesis (4), d 2 ^ m 2 . So as above (applying Lemma 12.31 with 

r = s), it follows that de > Y.t=i TriiTq.- Thus L ■ C > 0. 

Case B: Let C = eH — Ei — E 2 — ... — E s . 
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We have e 2 ^ s — 1. For s ^ 5, hypotheses (1) and (2) show that L • C > 0. Let s ^ 6, 
so that e ^ 3. We claim that e 2 ^ s. Indeed, the space of plane curves of degree e has 
dimension (ff 2 ) — 1 and each point pt imposes one condition. So (Y 2 ) -1 > »• It is easy 
to see that e 2 ^ ( e + 2 ) — 1 when e ^ 3, so that e 2 ^ s as claimed. 

By hypothesis (4), d 2 > Jf s i=1 mThe following is a standard inequality: 

s(m 2 + ... + m 2 ) ^ (mi + ... + m s ) 2 . 

So d 2 > LLi^LYIil. Hence (de) 2 ^ d 2 s > (^* =1 mi) 2 . 

We conclude that L is ample. □ 

Remark 2.2. The hypotheses (l)-(3) of Theorem 12.11 are necessary in order for L to be am¬ 
ple. This is due to the existence, respectively, of a line through two general points, a conic 
through five general points and a cubic through seven general points with one of the 
points being a double point and all others simple points. 

Lemma 2.3. Let r ^ 2, mi, m 2 ..., m r ^ 0 and ni ^ n 2 ^ ^ n r > 0. Suppose that 


• rii ^ 2, and 

• ifr = 2 then (ni,n 2 ) ^ (2,2). 


Then the following inequality holds: 

r + 3 


r + 2 


I ™. 2 > L 


mint 


,i=l 


, i=l 


, 1=1 


Moreover, the inequality is strict when (rii, n 2 ,..., n r ) (2,1,..., 1) and ifr = 3, (ui, n 2 , n 3 ) ^ 

(2,2,2). 


Proof For simplicity, let a = Y.l=i nr 2 , b = Y.l=i n l and c = Y.l=i irrirLi. So the desired 
inequality is ^y|a(b — n r ) ^ c 2 . 

Rearranging terms and clearing the denominator, the desired inequality is equivalent 
to (r + 3)ab — (r + 2)c 2 ^ (r + 3)n r a, which in turn is equivalent to 

(2.3) ab + (r + 2)(ab — c 2 ) ^ (r + 3)n r a. 


Now we apply the well-known equality: 

(2.4) db — c 2 = | y m 2 ) f y n 2 j — | y mint [ = Y (mtTij - ngnt) 2 . 


1 i=l 


,i=l 


1 i=l 


T -<1 


The left hand side of (12.3)1 is then ab + (r + 2) Y.i<j (miUj — rrijUi) 2 and it is at least db. 
We now show the following inequality from which (12.3)) and the lemma follow. 

(2.5) b ^ (r + 3)n r . 


If u T = 1, then the right hand side of (12.51) is r + 3. When n r = 1 the left hand side of 
(12.51) is smallest when (rii,..., u T ) = (2,1,..., 1) and the minimum in this case is r + 3. 
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Suppose now that n T > 1. Then minimum of the left hand side of (12.51) is obtained when 
Hi = U 2 = ... = n r and it is rn 1 2 3 4 5 . To finish, note that rn 2 ^ (r + 3)n T is equivalent to 
r(n r - 1 ) 3. This fails only when r = 2 and n r = 2 which we omitted in the lemma. 

Further it is an equality only when r = 3 and u r = 2. In all other cases we have a strict 
inequality and the lemma follows. □ 

Example 2.4. Let E d = dH — 3Ei — X.t =2 2Ei — X.l =9 hi- Then the smallest d which satisfies 
the hypotheses (l)-(4) of Theorem 12.11 is d = 7: d must satisfy d > 5, 2d > 11, and 
3d > 18. It is clear that d = 7 satisfies hypothesis (4). For instance 7 2 > (41) = 43.92. So 

L 7 = 7H — 3E! — YLi =2 — Y^i =9 is ample. If d < 7, E^ < 0 and thus L d is not ample. 
So we get the optimal result in this example. 

Example 2.5. LetL d = dH—3Ei — Hi! 2 2E| — X.l=u ^i- Then the smallest d which satisfies 
the hypotheses (l)-(4) of Theorem 12.1 l is d = 8 . By hypothesis (4), we require d 2 ^ H (47) = 
50.35. It is easy to see that d = 8 satisfies all the other hypotheses. So L 8 = 8 H — 3E X — 
Jf i=2 2Et — Y.i=u is ample. But E 2 > 0 and it is ample if the SHGH Conjecture, which is 
recalled below, is true. See also Example 12.211 Our result in this case is thus not expected 
to be optimal. 

Example 2.6. Consider L d = dH — 10 ^ =1 E t . Then L 2 5 is not ample, because there is a 
conic through 5 general points and L 2 5 • (2H — ^ =1 E t ) = 0. Note that > 0, showing 
that L 2 > 0 is not a sufficient condition for ampleness when r = 5. On the other hand, L 26 
is ample by Theorem 12.II 

Question 2.7. Does the conclusion of Theorem 12.11 hold with the hypotheses (l)-(3) and 
only that d 2 ^ Y_[=i rn 2 (that is, we only require the hypothesis (4) for s = r)? Our 

calculations suggest that the answer is yes, but we do not have a proof. 

However, we have the following theorem which says that hypothesis (4) need only be 
checked for s ^ 9, if we require that L meets exceptional curves positively. 

Let C be a curve on X. We say that C is an exceptional curve or a (—1 )-curve if it is a 
smooth rational curve such that C 2 = —1. If C is a (—l)-curve, by adjunction, we also have 
C ■ K x = —1, where K x = —3H + X.i=i hi is the canonical line bundle on X. 

Proposition 2.8. Let pi,p 2 ,... ,p T be r ^ 9 general points of P 2 . Consider the blow up X —s- P 2 
of P 2 at the points pi,..., p r . We denote by H the pull-back of a line in P 2 and by E 4 ,..., E r the 
exceptional divisors. Let E be the line bundle on X given by dH — Y.l=i maEi. for d > 0 and 
mi ^ ^ m r > 0. Then E is ample if the following conditions hold: 

( 1 ) d > mi + m 2 , 

( 2 ) 2 d > mi + m 2 + ... + m 5 , 

(3) 3d > 2mi + m 2 + ... + m 7 , 

(4) d 2 ^ mf, for 9 ^ s ^ r, and 

(5) L ■ E > 0, where E is one of the following exceptional curves 
4H - 2Ei - 2E 2 - 2E 3 - E 4 - ... - E 8 , or 

5H — 2Ei — ... — 2E 6 — E 7 — E 8 , or 
6 H — 3Ei — 2E 2 — ... — 2E 8 . 
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Proof. The proof is exactly as in Theorem 12.11 The difference here is that hypothesis (4) is 
required for only s ^ 9. For s < 9, we use the following fact. 

Let C be a curve in X which belongs to the linear system of a divisor of the form eH — 
uiEi — ... — n s E s with s < 9, e > 0 and each ni ^ 0. The blow up X —> P 2 factors as 
X —y Xi —y P 2 where Xi is the blow up of P 2 at p lf .. .,p s . Then C is isomorphic to its 
image in Xi. Denote this image also by C. Then the class of C in the Picard lattice of Xi is 
a linear combination of a numerically effective class and a finite set of exceptional classes. 
See |H4l Theorem 1(a)] for a proof of this fact. Hence the class of C in the Picard lattice of 
X is also such a linear combination. 

Moreover there are only finitely many exceptional classes of curves coming from plane 
curves passing through less than 9 points. The proof of IN21 Theorem 4a, Page 284] lists 
these exceptional classes (see also Discussion 12.131) . Of the seven classes listed there three 
correspond to the classes in hypothesis (5). Hypotheses (l)-(3) and the hypothesis rui > 0 
account for the other exceptional curves in the list. 

Now if an irreducible and reduced curve C is numerically effective then by Lemma [2.101 
below it follows that L • C > 0. If C is an exceptional curve then L • C > 0 by hypothesis. □ 

Remark 2.9. In [X3] Theorem 2], Xu proves a result comparable to our Theorem 12.11 In 
addition to some necessary conditions to ensure L meets exceptional curves positively, 
the main hypothesis for |X3, Theorem 2] is d 2 > y Y.l=i m l■ This result follows from 
Proposition I2.8l because ^ y when s ^ 7. 

We make the following useful observation. 

Lemma 2.10. Let L = dH — Y.l=i TUtEi be a line bundle on X such that L 2 > 0. Let C be an 
irreducible and reduced curve on X with C 2 ^ 0. Then L • C > 0. 

Proof. Write C = eH — YJi=i UiEt. We may assume that e > 0 and ni ^ 0 for every 
i. Since C 2 ^ 0, we have e 2 ^ X.l=i n l- Since E 2 > 0, we have d 2 > X.i=i m l- Thus 
d 2 e 2 > (X.t =1 Tn?) (X.i=i n ?) ^ (X.i=i Pruni) 2 . The last inequality follows from (12.4)1 . Thus 
L • C > 0. □ 


Thus a line bundle L with L 2 > 0 fails to be ample only if there is a curve C such that 
C 2 < 0 and L ■ C < 0. 


When mi = m for all i (uniform case). Question I2.7l has a positive answer. Hypothesis 
(4) of Theorem 12. II is then simply d 2 ^ ^ m 2 . Indeed, since ^ f-f for any s ^ r, it 

automatically follows that d 2 ^ s( s s + 2 3) m for any 2 ^ s ^ r. 

In fact, we have the following corollary in the uniform case. 


For r ^ 2, we define A r as follows: A 2 = A 3 = 2, A 5 = 2.5 and for all other r, A r = 


r(r+3) 
t+2 ’ 


Proposition 2.11. Let r ^ 2. Let E = dH — m^[ =1 Et be a line bundle on X with m > 0. 
Suppose that d > A r m. Then L is ample. 
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Proof. Let C = eH — YJi=\ Tk E i be an irreducible, reduced curve on X. We show that 
L • C > 0. 


We may assume that e > 0. Write tii ^ n 2 ^ ^ n r . We assume without loss of 

generality that n r > 0 . 

When ui = 1 it is clear that L • C > 0, as in Case B in the proof of Theorem 12.11 So we 
assume ui ^ 2 . 


For r = 2,3,5 the bound in hypothesis (4) of Theorem 12.11 is lower than the necessary 
conditions contained in the hypotheses (l)-(3) of that theorem. These numbers are re¬ 
spectively, 2, 2 and 2.5 for r = 2,3,5, which we defined to be A 2 , A 3 and A 5 . So we have 
ampleness in these cases. 


Now we apply Lemma l23l with m L = m for all i. Thus 


(r + 3)r 
r + 2 


m 




2 


Rearranging terms we get lUnf-rir > fj^ 3 )(L[=i So e ^ ™i) = 

i(Li=i n i)- Thus de > m Zi=l n i- □ 

Example 2.12. Consider r = 8 and the line bundle La = dH — 60 Ei. Note that 
E 2 69 = 28561 - 28800 = -239 < 0 and E 2 70 = 28900 - 28800 >0. 

By jN2l (see the Introduction to |H 6 j l there is a degree 48 curve in P 2 passing through 8 
general points with multiplicity 17 at each of the 8 points. In the notation of |H 6 || . 5(m, n) 
is the least integer such that there is a curve of that degree in P 2 passing through n general 
points with multiplicity at least m. For n ^ 9, S(m, n) is the ceiling of c n m where c n is an 
explicitly determined rational number. It turns out that c 8 = ff by lN2 '|. 

The strict transform of such a curve on the blow up of the 8 points is a curve C in 

the class of 48H - 17£? = i E i- Then ( 170H “ 60 L?=i E 0 ’ ( 48H - 17 ZLi E 0 = So 
L 170 is not ample. An exceptional curve in the base locus of the linear system of C is 
E = 6 H — 3Ej — 2E 2 — ... — 2E 8 . It is easily checked that L 170 • E = 0. We can verify that 
E is indeed an exceptional curve by using Nagata's result that exceptional curves form a 
single orbit under a group action and the fact that E is a translate of E 8 under this group 
action. See Discussion 12.131 and the proof of Lemma [2.141 

We see that Li 78 is ample by Proposition 12.111 For, A 8 = 2.9664 and A 8 m = 177.9887. We 
consider this example again in Example 12.201 and show in fact that Li 7 i is ample. 


Our goal now is to obtain better bounds in the uniform case. We first recall the so-called 
SHGH Conjecture. 

Let pi,..., p T be general points in P 2 and let d, mi,..., m T be non-negative integers. Let 
L be the linear system of degree d curves in P 2 passing through p t with multiplicity at 
least rrii. Then L corresponds to a line bundle dH — ^[ =1 m L Ei on X, where X is the blow 
up of P 2 at the points pi. We denote this line bundle also by L. 
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Note that the projective space of plane curves of degree d has dimension ( d + 2 ) — 1 
and a point of multiplicity rrii imposes ( mi 2 +1 ) conditions. So we say that the expected 
dimension of the linear system L is ( d 2 2 ) — 1 — H[=i ( m 2 +1 ) if this number is non-negative 
and -1 otherwise. The actual dimension of L is greater than or equal to the expected 
dimension. The linear system L is called special if its actual dimension is more than the 
expected dimension. 

By Riemann-Roch theorem L is special if and only if h°(X, L)ld(X, L) ^ 0. 

Easy examples of special linear systems are given by (—l)-curves. If C is a (—1)-curve, 
then the linear system of 2C is special. Indeed, by Riemann-Roch, we have h°(2C) — 
ld(2C) = 2C ' (2 9 C ~ K) + 1. Note that h 2 (2C) = 0 since 2C is effective. Also, 2C • (2C — K) = 
4C 2 — 2C ■ K = —4 + 2 = —2. So h°(2C) — ld(2C) =0, which implies that h°(2C) and td(2C) 
are both nonzero. In fact, they are both equal to 1. More generally, any linear system with 
a (—l)-curve in its base locus (with multiplicity at least 2 ) is special. 

The SHGH conjecture predicts that every special linear system arises from (—l)-curves 
as above. This conjecture was formulated by Segre 13, Harbourne llH3fl , Gimigliano IfGil 
and Hirschowitz HHiH . There are different formulations of this conjecture. See IH7H for a 
nice survey. BCM3H shows equivalence of various versions. 

The following is one version of the SHGH Conjecture. 

SHGH Conjecture. Let X be the blow np of P 2 at r general points. Then the following statements 
hold. 

(1) Any reduced, irreducible curve on X with negative self-intersection is a (-l)-curve; 

(2) Any nef and effective linear system is non-special. 


See HCM11ICM21 IMl IdFl [Yl DJj ICHMRII for some progress on this conjecture. In par¬ 
ticular, fDJ] T heorem 34] verifies the SHGH Conjecture when + 11 for all i. We also 
note that HdFl Theorem 2.5] verifies Statement (1) of the SHGH Conjecture when one of 
the multiplicities is 2, that is, = 2 for some i. 


Discussion 2.13. Fet r ^ 3. For the divisor class group Cl(X) of X, consider the linear map 
Yo : Cl(X) —> Cl(X), given by: 

Yo(H) =2H-F 1 -F 2 -F 3 , 

Yo(Fi) = H — Fi - F 2 - F 3 + Ei for i = 1,2,3, and 

Yo(Fi) = Ft for i ^ 4. 

For i = 1,2,..., r — 1, let Yt : Cl(X) —> Cl(X) be the map which interchanges E t and F i+1 
and fixes H and Ej when j ^ {i, i + 1}. 

Fet W r denote the group of linear automorphisms of Cl(X) generated by y 0 , Yi,..., Yr-i- 
There is a root system on Cl(X) with simple roots given by 


s 0 = H - Fi - F 2 - F 3 , s t = Ft - F i+ i, for 1 ^ i ^ r — 1. 
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The maps y t may be regarded as reflections orthogonal to the simple roots. More con¬ 
cretely, for any L e C1(X) and i, yi(L) = L + (L ■ St)st. In this point of view, W r is the 
Weyl group of the root system on Cl(X) with simple roots s 0 , ..., s r _i. See |L2| and liHll! 
for more details. 

Lemma 2.14. Let r ^ 3. Let C be an exceptional curve on X given by eH — ^[ =1 UiEt with e > 0 
and Til ^ U 2 ^ ... ^ n r . Then e < n\ +ri 2 + H 3 . 

Proof. Nagata BN21 proved that exceptional curves on X form a single orbit under the 
action of W r on C1(X), when r ^ 3. We consider the fundamental domain for the action of 
W T on C1(X). This consists of line bundles with non-negative intersection with all simple 
roots. Since the exceptional curves form a single W r -orbit, exactly one exceptional curve 
is in the fundamental domain. It is clear that E r is in the fundamental domain, since it has 
non-negative intersection with all simple roots: E r ■ St ^ 0 for i = 1,..., r. 

Since C ^ E T , it is not in the fundamental domain. So C ■ St < 0 for some simple 
root St. Since ni > ... ^ n r , C meets the roots si,..., s T non-negatively. Hence C • so = 
e — rii — n 2 — n 3 < 0 . □ 

Proposition 2.15. Let L = dH — m^f =1 Et be a line bundle on X with E 2 > 0. Suppose that 
there exists a positive integer N such that the SHGH Conjecture holds for all curves of the form 
eH -ZU TkE t with 0 ^ ui ^ IN/or all i. Suppose further that L meets positively all the finitely 
many exceptional curves with multiplicity at most N at pt for all i. 

Nozv let C = eH — UiEi with 0 ^ ut ^ N be an irreducible and reduced curve in X. 
Then L • C > 0. 

Proof. If C 2 < 0, then the SHGH Conjecture implies that C is a (—1)-curve. So L • C > 0 by 
hypothesis. If C 2 ^ 0, we are done by Lemma [2 .101 □ 

Remark 2.16. The SHGH Conjecture is known to be true for curves with multiplicities up 
to 11, by [D]} Theorem 34], So the result of Proposition !2.15l holds with N = 11. 

Next we will prove a lemma similar to Lemma [23l 

Lemma 2.17. Let r ^ 9 and n\ ^ n 2 ^ ^ n T ^ 3. Suppose that ni > 11. Then the following 

inequality holds: 



( 2 . 6 ) 


Proof. This is similar to the proof of Lemma 12.31 Let a = )~[_ T n? and b = )~f _ 1 n L . 
Clearing the denominator and rearranging terms, the desired inequality is ra + (3r + 
39) (ra — b 2 ) > r(3r + 40)n r . Since ra — b 2 ^ 0 the lemma will follow if ra > r(3r + 40)n T , 
or equivalently, if a > (3r + 40)n r . 

For n r = 3, the smallest value of a is obtained when (n lr ...,n r ) = (12,3,.. .,3) and 
then a = 144 + 9r — 9 = 9r +135 which is clearly greater than 3(3r + 40). When n r = 4, the 
smallest value of a is 16r + 128 and it is obtained when (ni,...,n r ) = (12,4,.. .,4). It is 
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easy to see that we have 16r +128 > 4(3r + 40) for r ^ 9. When u r = 5, the smallest value 
of a is 25r + 119 attained when (n lr ..., n T ) = (12,5,..., 5) and again it is easy to verify 
that 25r + 119 > 5(3r + 40) for r ^ 9. In exactly the same way, the required inequality 
follows when n r ^ 6. □ 

Now we are ready to prove our main result about ampleness in the uniform case. 

Theorem 2.18. Let pi, p 2 ,..., p r be r ^ 1 general points of P 2 . Consider the blow up X —> P 2 of 
P 2 at the points pi,..., p r . We denote by H the pull-back of a line in P 2 not passing through any of 
the points pi and by Lx,..., E T the exceptional divisors. Let L = dH — m Y.l=i W be a line bundle 
on X with m > 0. Then L is ample if 

(1) d > || m, and 

(2) T > (!3f )™ 2 ' 

Proof As in the proof of Theorem 12.11 we use the Nakai-Moishezon criterion. Let C = 
eH — YJL=i n i^i be an irreducible, reduced curve on X. We consider different cases. 

Case 1: First suppose that 0 ^ ni ^ 11 for all i. 

If C 2 ^ 0, then Lemma [2.101 implies that L ■ C > 0. 

If C 2 < 0, then C is a (—1)-curve. See Remark 12.161 By Lemma [2.141 we have e ^ 32. So 
96e — 95e ^ 32 => 3e — 1 ^ ||e. Further, since K x • C = —1, we get ^[ =1 ut = 3e — 1. It 
follows now that L • C > 0. For, by hypothesis (1), de > pme > m(3e — 1) = m^[ =1 nt. 

We remark that we do have several exceptional curves with e = 32. For instance, 
consider the linear system D = 32H — 15Li —10 Y-l =2 Tu It is possible to reduce D to L 9 by 
applying elements of W 9 (see Discussion 12.131) . As we noted in the proof of Lemma [2.141 
Nagata showed that exceptional curves form a single orbit under the action of W 9 . So it 
follows that D is a (—1)-curve. 

Case 2: We assume now that n! > 12. Write ni ^ n 2 ^ ... ^ n T . Without loss of 
generality, we assume that n T ^ 0. 

Case 2(i): Suppose that n T = 1. 

By [Xll Lemma 1], e 2 ^ n 2 + n 2 +... + n 2 _ : . Thus C 2 = e 2 — n 2 — n 2 —... n 2 _ 1 — 1^—1. 
If C 2 ^ 0, then we are done by Lemma 12.101 So suppose that C 2 = —1. 

Let a = ^[ =1 n? and b = Y.l=i n t- Then e 2 = a — 1. 

We claim that ra — b 2 ^ r. Indeed, we have ra — b 2 = Y.i j ( n i — n j ) 2 - Since we have 
ni ^ 12 and n T = 1, the number of non-zero terms in the sum ■ (nt—) 2 is at least r—1. 
In fact, the number of non-zero terms is at least r unless the (ni,..., n r ) = (12,..., 12,1) or 
(ni,..., n T ) = (12,1,..., 1). In both cases it is clear that the sum • (n t — n^ ) 2 is at least r. 

Now ra — r ^ b 2 =>■ a — 1 ^ p. Thus d 2 e 2 > (a — l)rm 2 ^ rpm 2 = b 2 m 2 and de > bm. 

Case 2(ii): Suppose that n T = 2. 
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By IdFi , Theorem 2.5], any irreducible, reduced curve which passes through one of the 
points pt with multiplicity 2 is a (—l)-curve if it has negative self-intersection. Thus if 
C 2 < 0 then C is a (—1)-curve. In particular, C 2 = e 2 — ^_[ =1 n? = —1. Exactly as in Case 
2(i) we conclude L • C > 0. If C 2 ^ 0, we are done by Lemma [2.101 

Case 2(iii): n r ^ 3. 

Suppose first that r ^ 8 . According to hypothesis (1), d > (|§) m = 2.96875m. In the 
notation of Proposition l2.11[ A 8 = 2.966 and A T < A 8 for r ^ 8 . So L is ample by Proposition 

I27TH 


When r ^ 9, we use Lemma [2.171 We have, using (12.T|) , 

2 


e 2 > Y_ n ? 


i=l 


3r + 40 / v- 
-n r > - 7 ^—I 2 _ 

i=l 


r(3r + 39) W 


U; 


d 2 e 2 > m 2 I ^ rit j =>■ de > m I ^ ui J L • C > 0 . 


. i=l 


,i=l 


We conclude that L is ample. 


□ 


Remark 2.19. For r < 9, we can improve hypothesis (1) in Theorem 12.181 We needed 
the condition d > ||m in order to ensure that L to meet all the exceptional curves eH — 
X.i=i n iti with 0 ^ n t ^ 11 positively. For r ^ 8 , we have fewer such exceptional curves. 
See the proof of Theorem 12.81 As an illustration, when r = 8 , a modification of Theorem 
12.181 along these lines requires only d > 2 . 66 m as hypothesis ( 1 ), while hypothesis ( 2 ) is 
unchanged. 

Example 2.20. We re-visit Example 12.121 r = 8 , m = 60. We already found that Li 7 8 is 
ample using Theorem 12.11 We can conclude now that Li 72 is ample using Theorem 12.181 

and Remark [2.19l Note that 60 J = 171.04 and 172 > (2.66) (60) = 159.6. 


In fact, it turns out that L 171 is ample. Let F = 17H — 6 Xu=i Fn Then L 170 = 10E. There is 
an element w e W 8 such that wF = H. See Discussion 12.131 This is easy to see by applying 
the linear map y e W 8 successively to F and permuting E^ so that their coefficients are 
non-increasing. Since W 8 preserves intersections and H is nef, F is nef as well. It now 
follows that L 171 = 10F + H is ample: let C = dH — Y.i=i n iFi be an irreducible, reduced 
curve. Since H is nef and H ■ C = d, it follows that d ^ 0. If d > 0, then L 171 • C ^ H ■ C > 0. 
Finally suppose that d = 0. If n t < 0 for some i then C ■ E-i = ut < 0. This implies that 
C = Et and so Li 7 i ■ C > 0. On the other hand, if n t ^ 0 for all i then C can not be effective 
as it is the negative of an effective curve. 

Example 2.21. We re-visit Example [275] to show that L 7 = 7H — 3Ei — Y .\°=2 2hi — Xli=ii Ft 
is ample if the SHGH Conjecture is true. To prove this, first consider an irreducible and 
reduced curve C on X with C 2 < 0. By the SHGH Conjecture, C is a (—1)-curve. Then as 
we noted in the proof of Lemma [2.141 there exists w e Wi 2 such that C = wEi 2 . In fact, one 
can write C = Y.l=o a t s i + Fi 2 where St are simple roots and at ^ 0; see ULTi Proposition 
1.11]. It is easy to see that L • si > 0 and hence we have L • C ^ L • Ei 2 > 0. 


































POSITIVITY OF LINE BUNDLES ON GENERAL BLOW UPS OF P 2 


13 


Now let C be an irreducible, reduced curve with C 2 ^ 0. Since L 2 > 0, a sufficiently 
large multiple of L 7 is effective by Riemann-Roch. Thus L 7 • C ^ 0. If L 7 • C = 0, then Hodge 
Index Theorem gives C 2 < 0 contradicting the assumption on C. 


Contrary to the situation when r < 9, the necessary condition L 2 > 0 is also conjectured 
to be sufficient for ampleness in the uniform case when r ^ 9. Recall the well-known 
Nagata Conjecture 1N1M : 


Nagata Conjecture. Let p lr ..., p r be general points of P 2 with r ^ 9. Let n l7 ..., n r be non¬ 
negative integers. Let C be a curve of degree e in P 2 passing through p 4 with multiplicity at least 
ut. Then 




rti 


i=l 


and the inequality is strict for r ^ 10. 


The Nagata Conjecture clearly implies (when r ^ 9) that L = dH — m^[ =1 L t is ample 
if L 2 > 0. Indeed, since L 2 > 0 we have d 2 > rrn 2 . Now if C is an irreducible and reduced 
curve on X in the linear system of eH — YJi=i r k'Ei, then e ^ v/r Y_l= i n i by the Nagata 
Conjecture. Hence de > m ^[ =1 n t and L • C > 0. 

The conjecture is open except when r is a square in which case Nagata proved it. Some 
recent work on this conjecture can be found in [ H 6 , H 8 llRoil . For a nice survey, see IlSSH . 

Example 2.22. Let L d/T/TrL = dH — Lt. 

(1) First consider r = m = 10. ThenL| 1010 = d 2 —1000. The Nagata Conjecture predicts 

that E 32 , 10,10 is ample. Using Theorem 12.181 we can verify this. Since 10 \J = 

31.85, L 32 , 10,10 is ample by Theorem 12.181 

(2) Let r = 10, m = 30. Then L| 10 30 = d 2 — 9000. The Nagata Conjecture pre¬ 
dicts that L 9 5/ io, 3 o is ample. Using Theorem 12.181 we see that L 96/W , 3 o is ample since 

30 \f^W^ = 95 - 55 - 

(3) Let r = 30, m = 10. Then L^ 3010 = d 2 — 3000. The Nagata Conjecture predicts that 
L 55 ,io ,30 is ample. Using Theorem 12.181 we can indeed verify that L 55/3 o,io is ample 

since 10y / (3 °^ 30) = 54.98. 

IST3 . Theorem 3] gives similar conditions for ampleness in the uniform case. It says 
that L d/T/TR is ample if d ^ 3m + 1 and d 2 ^ (r + l)m 2 . In Example 12.221 it gives ampleness 
of L 34 / io,io/ Lioo,io, 30 / and L 56/30/ io in (1),(2) and (3) respectively. Our bound will always be at 
least as good as this because (3 3r l j 4 3 0 9 :ir < r + 1. 

Remark 2.23. When m = 1, |[K[ Corollary] and [X2;. Theorem] prove the optimal result 
about ampleness predicted by the Nagata Conjecture: L is ample if and only if L 2 > 0. Our 
Theorem 12.181 as well as I ST3, Theorem 3], recover this result. 
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3. Global generation and very ampleness 

In this section, using similar methods as above, we obtain conditions for global gener¬ 
ation and very ampleness of L applying Reider's criterion |Rel - 

Let X be a smooth surface and let N be a nef line bundle on X. Reider's theorem says 
that if N 2 p 5 and Kx + N fails to be globally generated, there exists an effective divisor D 
such that 

D • N = 0, D 2 = -1, or 

D • N = 1,D 2 = 0. 

Similarly, if N 2 ^ 10 and Kx + N fails to be very ample, there exists an effective divisor 
D such that 

D • N = 0, D 2 = — 1 or — 2, or 

D • N = 1, D 2 = 0 or — 1, or 

D • N = 2, D 2 = 0. 

We apply Reider's theorem to L = dH — ^[ =1 to obtain conditions for global 
generation and very ampleness. 

First we consider conditions for global generation. 

Theorem 3.1. Let p 1 ,p 2 ,... ,p T be general points of P 2 . Consider the blow up X — > P 2 o/P 2 at 
the points pi,..., p r . We denote by H the pull-back of a line in P 2 not passing through any of the 

points pi and by L lf ..., E r the exceptional divisors. Let L = dH — X.i=i TUiE-i. Suppose that 

r ^ 5 and rat ^ 2 for all i. Then L is globally generated if the following conditions hold: 

(1) d + 3 > mi + m 2 + 2, 

(2) 2(d + 3) > mi + ... + m 5 + 5, 

(3) 3(d + 3) > 2mi -F m 2 P ... -f- m 7 P 8, and 

(4) (d P 3) 2 > f±§ Li=i (ttu + l) 2 , for 2 ^ s ^ r. 

Proof Let N = (d + 3)H — + l)Ei, so that L = K x P N. Using our hypothe¬ 

ses we can apply Theorem 12.11 and conclude that N is ample. Further N 2 = (dp3) 2 — 
H[=i ( rn -i + l ) 2 ^ 7^2 ^i=i ( m i + I) 2 - Since r ^ 5 and mi ^ 2 for all i, it follows that 
N 2 ^ 5. Thus we can apply Reider's theorem. Note that since N is ample, there is no 
effective divisor D such that D • N =0. Hence if L is not globally generated there exists an 
effective divisor D such that D 2 = 0 and D • N = 1. 

Suppose D = eH — Y.l=i wU with e > 0 and nt non-negative integers. Without loss 
of generality, assume that ui > 0 for all i. Then we have e 2 = Y.l=i n i an d (d P 3)e = 
X.i=i( m i-+l) n i+l. For simplicity, let a = Y.l=i ( m i + l) 2 / b = Y.l=i n l an d c = X.[ =1 (m.iP 
l)ni. 

We show that (dp3)e>cpl, which contradicts D • N = 1. 
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We have (d + 3) 2 e 2 > |±|ab. We proceed as in the proof of Lemma l2~3l to show that 
|4|ab ^ (c + l) 2 . This inequality is equivalent to ab + (r + 2)(ab — c 2 ) ^ (r + 2)(2c + 1). 
Since ab — c 2 > 0, this follows if ab ^ (r + 2)(2c + l). Using the inequality ab ^ c 2 again, it 
suffices to prove that c 2 ^ (r+2)(2c + l). It is clear that the least value of c 2 —(r+2) (2c + 1) 
is attained when mt + 1 and ni take the least values allowed. By hypothesis, m t ^ 2 and 
U| ^ 1. So the required inequality in this case is 9r 2 ^ (r + 2)(6r + 1). This holds for 
r ^ 5. □ 

Example 3.2. As in Example 12.41 consider L d = dH — 3Ei — ^® = 2 2E i — Yl =9 W- Then 
the smallest d which satisfies the hypotheses (l)-(4) of Theorem 13.11 is d = 8 : (8 + 3 ) 2 > 
|| (99) = 106.07. It is clear that d = 8 satisfies the other hypotheses in Theorem 13.11 So L 8 
is base point free. We saw that L 7 was ample in Example 12.41 

Example 3.3. As in Example 12.51 consider L d = dH — 3Ei — Yl °=2 2Fi — Y\=n bi- Then the 
smallest d which satisfies the hypotheses (l)-(4) of Theorem 13.11 is d = 8 . By hypothesis 
(4), we require (d + 3 ) 2 > ||(105) = 112.5. It is easy to see that d = 8 satisfies all the other 

hypotheses. So L 8 = 8 H — 3Ei — 2 Et — Yl=u bi. is base point free. As we saw in 
Example 12.51 L 8 is also ample. 

Example 3.4. As in Example 12.61 consider L d = dH — 10£H =1 Et. By Theorem 13.11 L 2 5 is 
globally generated. It is easy to see that the required conditions are satisfied. 

Our next result gives better bounds for global generation in the uniform case when 
m ^ 6 . 

Theorem 3.5. Let pi, p 2 ,... ,p r be general points of P 2 . Consider the blow up X —* P 2 of P 2 at 
the points pi,..., p r - We denote by H the pull-back of a line in P 2 not passing through any of the 
points pi and by Ei,..., E r the exceptional divisors. Let E = dH—m Y[=i Et. Suppose that r ^ 2 
and m ^ 6 . Then L is globally generated if the following conditions hold: 

( 1 ) d ^ || m, and 

(2) (d + 3 ) 2 ^ (g±f)r(m+l) 2 . 

Proof As in the proof of Theorem l3.ll let N = (d+3)H—(m+1) X.I=i bi, so that L = K x +N. 
Using our hypotheses we can apply Theorem l2.18l and conclude that N is ample. Note that 

fl+f > 3 r+ 29 • Further N 2 = (d + 3 ) 2 — r(m + l ) 2 ^ . Since m ^ 6 , it is clear that 

N 2 ^ 5. We can thus apply Reider's theorem. If E is not globally generated there exists an 
effective divisor D such that D 2 = 0 and D • N = 1. 

Suppose D = eH — Y\=i n ibi with e > 0 and ni non-negative integers. Without loss of 
generality, assume that nt > 0 for all i. Write n.| ^ n 2 ^ ... ^ n r > 0. Let b = £[ =1 n 2 
and c = Xli=i n i- Then e 2 = b. 

By hypothesis, (d + 3) 2 e 2 ^ (fryf) ( m + l) 2 rb. Note that D • N = (d + 3)e — (m + l)c. 
We claim now that (fyyf) (m + l) 2 rb > ((m + l)c + l) 2 , which contradicts D • N = 1. 

The required inequality is equivalent to 


























16 


KRISHNA HANUMANTHU 


(3r + 5)(m + l) 2 rb > (3r + 4)((m + l) 2 c 2 + 2(m + l)c + l) 

+>• (m + l) 2 rb + (3r + 4)(m + l) 2 (rb — c 2 ) > (3r + 4)(2(m+ l)c + 1). 

Since rb — c 2 ^ 0, it suffices to show that 
(3.1) (m + l) 2 rb > (3r + 4)(2(m + l)c + 1) = 6(m + l)rc + 8(m + l)c + 3r + 4. 


First suppose that Ui = 1. Then we have e 2 = r. By a dimension count, we see that for 
e ^ 4, such curves don't exist. So only such curves are D = H — Ei, D = 2H — Ei —... — E 4 
and D = 3H — Ei —... — E 9 . Clearly N • (H — E/ > 1. So assume that e ^ 2. We have N 2 > 0 
by hypothesis (2). So (d + 3) 2 > (m + l) 2 r =>■ d + 3 > (m+ l)e ==+ (d + 3) — (m + l)e ^ 
1 =+ (d + 3)e — (m + l)r ^ e ^ 2. Hence N • D > 1. 


(3.2) 


Now suppose that n 4 ^ 2. We re-write (13.11) as follows. 

6 8 A 3r + 4 


b > c 


m + 1 r(m +1) 


(m + l) 2 r’ 


Note that b = n l grows faster than c = Y. n i- F° r fixed r and m, if (13.21) holds for 
(ui, n 2/ ..., n r ) then it holds for (rii,..., n 4 + 1,..., n r ). Thus it suffices to check (13.21) for 
ni = 2, n 2 = ... = n T = 1. In this case, b = r + 3 and c = r + 1. So (13.21) is equivalent to 


(r + 3) > (r + 1) 


+ 


8 


3r + 4 


m + 1 ' r(m + l )J (m + l) 2 r 

It is easy to see that this holds when m ^ 6 and r ^ 2. 


m+1 \ r J 


3r + 4 
(m + l)V 

□ 


Example 3.6. As in Example 12.221 let L d/r m = dH — m^ =1 E|. 


(1) r = m = 10. By Theorem 13.51 E 334040 is base point free since 11 \J —= 35.29. 
Recall that L 32 / io / io is ample by Theorem 12.181 

(2) r = 10, m = 30. Since 31 \]= 99.46, \- 97rWl 3 o is base point free. Recall that 
f- 96 , 10,30 is ample. 

(3) Let r = 30, m = 10. Lsg^io is base point free since 11 — 60.56. Recall that 

1-55,30,10 is ample. 


[ST3. Theorem 4] gives similar conditions for global generation in the uniform case. It 
says that L d/r/1Tl is globally generated if d ^ 3m +-1 and (d + 3) 2 + (r + 1)(m + l) 2 . In this 
example, it gives global generation of L 3 4 /10 ,io/ f- 100 , 10 , 30 / and L 59 , 30 , 10 ■ Our bound will always 
be at least as good as this because < r + 1. 


We now give conditions for very ampleness of a line bundle in the uniform case. 

Theorem 3.7. Let pi,p 2 ,... ,p r be general points 0 /P 2 . Consider the blow up X — > P 2 0 /P 2 at 
the points pi,..., p r - We denote by H the pull-back of a line in P 2 not passing through any of the 
points pt and bylii,..., E r the exceptional divisors. Let L = dH — m Y.l=i !+• Suppose that r ^ 3 
and m + 4. Then L is very ample if the following conditions hold: 


(1) d + 3m, and 
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(2) (d + 3) 2 > (l±f)r(m+l) 2 . 


Proof. Let N = (d + 3)H — (m + 1) ^[ =1 Ei. Then N is ample by Theorem 12.181 Further, 
using hypothesis (2), we get N 2 = (d + 3) 2 — r(m + l) 2 ^ ( m + l) 2 - Since r ^ 3 and 
m ^ 4, we obtain N 2 ^ 10. So we can apply Reider's theorem. 

Suppose that L is not very ample. By Reider's theorem there exists an effective divisor 
D such that 

D-N = 1, D 2 = 0 or — 1, or 

D-N = 2, D 2 = 0. 

We rule out the case D • N = 1, D 2 = 0 exactly as in the proof of Theorem 13.51 

Let D be an effective divisor such that D-N =2,D 2 = 0. As in the proof of Theorem 
13.51 write D = eH — nAi with e > 0 and ru non-negative integers. Without loss of 
generality, assume that > 0 for all i. Write rii + n 2 ^ ^ n r > 0. Let b = ^[ =1 n? 

and c = )~[_ 1 nt. Then e 2 = b. 

By hypothesis, (d + 3) 2 e 2 ^ (^±|) (m + l) 2 rb. Note that D-N = (d + 3)e — (m + l)c. We 
claim now that (ippf) (m + l) 2 rb > ((m + l)c + 2) 2 , which contradicts D • N = 2. 

The required inequality is equivalent to 

(r + 3)(m + l) 2 rb > (r + 2)((m + l) 2 c 2 + 4(m + l)c + 4) 

+> (m + l) 2 rb + (r + 2)(m + l) 2 (rb — c 2 ) > (r + 2)(4(m+ l)c + 4). 

Since rb — c 2 ^ 0, it suffices to show that 
(3.3) (m + l) 2 rb > (r + 2)(4(m + l)c + 4) = 4(m + l)rc + 8(m + l)c + 4r + 8. 


If ni = 1 we argue exactly as in the proof of Theorem l3.51 So suppose that ni ^ 2. 


We re-write (13.31) as follows. 


(3.4) 


b > c 


8 


4r + 8 


m + l r(m + 1) J (m+l) 2 r 


Note that b = n 2 grows faster than c = n i- F° r fixed r and m, if (13.41) holds for 
(ni, n 2 ,..., n r ) then it holds for (ni,..., Ut + 1,..., n T ). Thus it suffices to check (13.41) for 
ni = 2, n 2 = ... = n T = 1. In this case, b = r + 3 and c = r + 1. So (13.4[) is equivalent to 


(r + 3) > (r + 1) 


+ 


8 


4r+ 8 


r + 1 

m+l 


4 + 7 


4r+ 8 
(m + l)V 


m + l ‘ r(m + l)7 (m + l) 2 r 
It is easy to see that this holds when m ^ 4 and r ^ 3. 

Now we consider the case D-N = 1, D 2 = —1. As above, write D = eH — )~[_ ] ntLt 
with e > 0 and n 2 ^ n 2 ^ ^ n r > 0. 

Since D • N = 1 and N is ample, we may assume that D is an irreducible and reduced 
curve. 
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Suppose that Uj ^ 11. By [DJ , Theorem 34], any irreducible, reduced curve of negative 
self-intersection and with multiplicities of 11 or less at is a (—1)-curve. So D is a (—1)- 
curve and hence D • K x = —1. This means that 3e = 1 + ^ni. As d ^ 3m, we have 
d+3 ^ 3(m+l) and this implies that (d+3)e ^ (m+l)(l+^ i n i ) = (m+l) + (m+l) 
soD-N^m + l>l which contradicts the hypothesis that D • N = 1. 

Next suppose that nj ^ 12. By Lemma 13.91 below, 1 ( r ] + 31 e 2 > ( Y.l=i n i + |) 2 - Thus 
e2 > ( Li=i n i + |) 2 - By hypothesis (2), (d + 3) 2 + I yyp(m + 1) 2 . 

So (d + 3) 2 e 2 > (m + l) 2 (Xi=i n i + ^) 2 / giving (d + 3)e > (m+l)(^[ =1 nt + |). Then 
(d + 3)e — (m+l)(^[ =1 n t ) > ^ 2, again contradicting the hypothesis that D • N = 1. 

We conclude that L is very ample. □ 

Theorem 13.71 gives conditions for very ampleness for a line bundle of the form dH — 
m^f =1 E| if m ^ 4 and r ^ 3. The case m = 1 is well-studied. In fact, a complete 
characterization is known in this case, see I GGP , Proposition 3.2], 

Example 3.8. As in Examples 12.221 and 13.61 let L d r m = dH — m^[ =1 Li. 

(1) r = m = 10. By Theorem l3.7l E 34/10/ io is very ample since 11 IMIMl — 36.20. Recall 
that L 3 2 / io,io is ample and L 33 / io,io is base point free. 

(2) r = 10, m = 30. Since 31 = 102.03, L 100 / io / 3 o is very ample. Recall that 

L 96 . 10.30 is ample and L 97 . 10.30 is base point free. 

(3) Let r = 30, m = 10. L 59 . 30.10 is very ample since lly/-^^I = 61.18. Recall that 
L 55 . 30.10 is ample and L 5 g. 30.10 is base point free. 

Finally we prove the following lemma which was used in the proof of Theorem 13.71 
Lemma 3.9. Let ni ^ n 2 ^ ... ^ n r > 0 be positive integers with r ^ 2 and ui ^ 12. Then 

(' n 'l + n 2 T • • • + ri 2 — 1) > (til + U 2 + . . . + n T + 5) . 

Proof. Let a = n 2 + n\ + ... + n 2 , b = + n 2 + ... + n T and c = Y.i<i ( n t — n i ) 2 - Note that 

ra — b 2 = c. 

We first consider the uniform case: ni = n 2 = ... n r = n. Then a = rn 2 , b = rn. So the 
desired inequality is f ' r : ^ ir (rn 2 — 1) > r 2 n 2 + rn + \. It is equivalent to 

r 3 n 2 + 3r 2 n 2 — r 2 — 3r > r 3 n 2 + 2r 2 u 2 + r 2 n + 2rn + r/4 + 1/2 

r 2 (n 2 — n — 1) > (2n + 3.25)r + 1/2 

This clearly holds for r ^ 2, n ^ 12. 

If all nt are not all equal to each other, then ra — b 2 = c ^ r — 1. Substituting ra = b 2 + c, 
the desired inequality is (r + 3) (b 2 + c — r) > (r + 2) (b 2 + b + 1/4). Since c — r ^ —1, it 
suffices to show that (r + 3) (b 2 — 1) > (r + 2) (b 2 + b + 1/4). This is equivalent to 

(3.5) b 2 > b (r + 2) + r + r/4 + 3.5. 


























POSITIVITY OF LINE BUNDLES ON GENERAL BLOW UPS OF P 2 


19 


For a fixed r, it is easy to see that if (13.51) holds for some b = Y.I n i/ then it holds for 
b + 1 also. Therefore it suffices to check (13.51) for the smallest value of b. This is attained 
when (rti, n 2/ ..., n r ) = (12,1,..., 1). In this case, b = r + 143 and (13.51) holds in this case, 
as one can see by an easy calculation. □ 
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